Abstract. A one site chemotherapy agent-diffusion model is proposed which accounts for diffusion of chemotherapy agent, normal and cancer cells. It is shown that, by controlling the initial conditions, consequently an initial dose of the chemotherapy agent, the system is guaranteed to evolute towards a target equilibrium state. Or, growth of the normal cells occurs against decay of the cancer cells. Effects of diffusion of chemotherapy-agent and cells are investigated through numerical computations of the concentrations in square and triangular cancer sites.
Introduction
It is known in cancer treatment that when a chemotherapy is injected into the body, the effective agent attack the cancer as well as the normal cells. One of the objectives of the research in chemotherapy is to synthesize an agent which maximizes the effect on cancer cells but minimizes side effects [1] . Mathematical and computer modeling may be deterministic in this area. Different computer and optimization models have been proposed [2] , [3] . Mathematical models accounting for dynamical treatment have been recently proposed in [4] , [5] , [6] .
A two-site-model with metastasis had been very recently proposed in [7] . Spreading of cancer from one site to an another one had been treated. The proposed model is described by a set of differential equations that admit a large number of possible equilibrium states. In the one site model with chemical treatment, numerous equilibrium points also exist. In fact this number depends on the dimension of the space of parameters which ,for example,is twelve for the one site model. An important point to illustrate is select appropriate initial conditions so that a target equilibrium state is attained. That is for a specific equilibrium state we search if there exist initial conditions in 6 ( or in 3 ) for two (one) sites model where the solution evolutes asymptotically towards this state.The objective beyond this is that how to control (select) an initial dose-value in order that the concentration of the normal cells grows and that one of the cancer cells decays. Furthermore the effect of diffusivity is investigated.
The one site-diffusion model
The model proposed here is based on the main equations proposed in [7] but accounts for the diffusion of chemotherapy agent and migration of, normal and cancer cells. It is more appropriate in cases of leukemia [8] . In what follows u and v are the concentrations of the normal and cancer cells while w designates the concentration of the chemotherapy agent. Thus the model is given, by accounting for diffusion,as
In the equation (2.1-2.3) the indices 1 and 2 correspond to the normal and cancer cells respectively, α i are the generation rates of cells, k i are the carrying capacities, q i are the competitions coefficients between u and v, p i are the predation coefficients of w on u and v, a i designate the speeds at which u and v reach the carrying capacities in the absence of competitions and predation, c i are the combination rates of the chemotherapy agent, ∆ is the continuous infusion rate of the chemotherapy agent while ξ is the washout rate. In (2.1-2.3) D i , i = 1, 2, 3 are the diffusion coefficients of the normal, cancer (cells) and of the chemotherapy agent respectively. This model is subjected to some conditions on the relevant parameters. As, it is well known that cancer cells grow much faster than the normal cells so that we take α 2 α 1 . Also, it is assumed that the chemotherapy is more destructive on cancer than on normal cells so that p 1 << p 2 .
Initial dose control
Here, we consider the homogeneous model which is obtained by setting D i = 0 in the equations (2.1-2.3) to get
We remark that this system is a three-components system. In which the number of possible equilibrium states may be less or equal eight ones. But here for realistic values, we confine ourselves to the case where u ≥ 0 and v ≥ 0. We aim here to predict initial conditions in order that the system evolutes towards a target equilibrium state. In chemotherapy cancer treatment, the objective is to attain a steady state where cancer cells are destructed completely and the number of normal ones is maximized. Here, we show that an appropriate choice of the initial conditions guarantees a specific equilibrium state to hold. We proceed by the following theorem concerning the two-component system that is when w = 0 in (3.1-3.3) We sketch a proof to this theorem. As S is an equilibrium point then it holds for at least one initial values (u o , v o ) which may satisfy the different permutations.
(
In any of the above four cases the assumptionu(0) > 0 andv(0) < 0 is used. For simplicity it is shown diagrammatically (in figures 1a, b, c and d) that the cases (i) − (iii) hold if S is a stable (unstable)spiral while the fourth one holds if S is a stable node.
In figure 1 , the boundary curves (nullclines) between different regions are taken as straight lines for simplicity. By substituting from w e from (3.4) into (3.1) and (3.2), we find that the equilibrium points satisfy the equations
The equations (3.5) and (3.6) are solved for v e in terms of u e as (3.7)
or u e = 0,
or v e = 0,
where
The results (3.7-3.10) are displayed for a class of possible numerical data where they can be classified in figures 2 and 3. After these figures, we find that the equilibrium states are only stable nodes. After theorem and these figures, the following corollary holds. 
Finally it remains to determine the initial dose w o which guarantees thatu > 0 andv < 0. By solving these inequalities , we get
In (3.11) by omitting the subscript "o" and averaging over the domain u o < u < u s ,
In the inequality (3.12) the values ofw 1 andw 2 can be calculated for the data given in figures 2 and 3, and initial conditions are taken in the region whereu > 0 anḋ v < 0. These results are given by;
In Figure 2 , if the initial values (u 0 , v 0 ) are taken as (1100, 0.5) then we find that 56.2322 < w 0 < 279291.
In figure 3 if u 0 = 100 and v 0 = 2 then, we find that 0 < w 0 < 486848 .
Solution of the diffusion-model
In the previous section, we analyzed the solution of the homogeneous model for the aim of inspecting the cases where chemotherapy of cancer treatment is effective. This was done through examining the initial conditions (u 0 , v 0 , w 0 ) which guarantee equilibrium value for v to be v e = 0. Now, we analyze the solution of the equations (2.1-2.3)in the open rectangle Ω = (0, T ) × (−M, M )in the xt-plane. As a qualitative behavior to the solution of these equations,we mention that in the absence of nonlinear terms ,the normal and cancer cells diffuse in space and they grow in time while the concentration of the chemotherapy agent decays with time. By taking into consideration of the nonlinear terms and if they can balance the linear ones locally (that is if there exists a regionΩ ⊂ Ω where their contribution can balance that of the linear terms) then solutions stop growing (damping) with time. They start to propagate in space leading the onset of traveling waves at variant speeds.For great time values, permanent traveling waves PTW are generated that travel at a constant speed.
Here, we confine ourselves to take the initial conditions for the concentration of normal and cancer cells namely u(x, 0) and v(x, 0) to satisfy the conditions of theorem . That is, by taking the values ( .1) and (2.2).Together with the following inequalities , namely sup x (v(x, 0)) << sup x (u(x, 0)), sup x (u(x, 0)) >> 1 and sup x (w(x, 0)) >> 1 (in free units). Consequently, we shall have v(x, t) << u(x, t), u(x, t) >> 1 and w(x, t) >> 1 everywhere in Ω.
We derive approximate analytic solutions for (2.1-2.3)in the form of a rational function. We state that rational function approximations of solutions of PDE are currently appearing in the literature [13] , [14] .
The dynamics a reaction-diffusion system suggest that the system evolutes from the initial conditions towards an equilibrium point, passing probably by the traveling wave solution as a transient solution. By bearing this in mind we construct a rational function approximation to (2. 
Similar equations hold for v and w. We note that the function U under the integral in (4.2) depends implicitly on t 1 .
IV: In analogy to the fixed point iteration,we construct an iterative scheme after the formal solution given by (4.2-4.3)) as
A similar iterative scheme is constructed for v (n) ,and w (n) . For n = 0, we takeū (0) ,v (0) and w (0) satisfy the diffusion equations
In applications, the solution given by (4.4) and (4.5) is truncated at the first, second or higher approximations. Now, we prove that the sequences of solutions u (n) , v (n) and w (n) converges uniformly to the exact solution of (2.1). linear diffusion equation. A proof that this condition holds also for the solution of the equation u t = u xx +f (u) to exist had been carried out in [16] (see also [12] , [15] ). This condition holds here as the iteration is based on the solution of the equations in (4.5).The convergence is proved in the maximum norm. We consider the sequence u (n) where for n=1,
In the equations (4.6) and (4.7) we have u (0) (x, t) < u e for t ≥ t o . By bearing in mind that we are working in the domain where the terms the square brackets are positive (u t > 0), then the denominator in the RHS of (4.6) is strictly positive for T > t ≥ t o > 0.Consequently we have 
Now, as u (0) , the solution of the first equation in (4.2), belongs to the space S ∞ ; the space of infinitely differentiable and rapidly decreasing functions for large x, we have (4.10) |u
Similar equations hold for the variables vandw. By induction, we can prove that
and by using the identity (4.12)
we have In what follows, we carry out numerical computations of solutions of the set of equations (2.1-2.3) for two problems, namely for square and triangular cancer sites. Calculations are based on evaluating the first approximation for the concentration of normal and cancer cells and for the chemical agent namely, u (1) , v (1) and w (1) .
Numerical Computation a. A square site
For a square site, we shall assume that cancer cells are concentrated in a square site of size L, while outside this site the concentration takes the value of the sss which is zero or otherwise. A similar initial concentration for the normal cells is taken appropriately. While for that of the chemotherapy agent is taken as a constant everywhere. Thus, we have
The boundary conditions are taken at x = ±∞ as u = u s , v = 0 and w(−∞, t) = w(∞, t). We mention that the initial conditions u o , v o and w o are taken to satisfy We evaluate the first approximations namely u (1) , v (1) and w (1) which are given by
where u (0) , v (0) and w (0) are solutions of the equations (5.15) and are given by
Hereafter, we shall take m = 2. After these figures, we find that for small time values diffusion effects manifest through enlarging the range of initial conditions . For later times, predation terms due to the chemical agent handle diffusion effects. This holds in the concentrations of the normal and cancer cells. Researches are carried out to design an intelligent chemotherapy agent to attack directly the cancer site leaving other sites free from the agent. In this case instead of considering a more flat initial concentration for the chemical agent, we use the initial condition
where f i are given by (5.10). By using the same initial value w o = 92 as in Figure  4 ; numerical results are carried out and they show no relevant change in the concentrations of the normal and cancer cells. So that they shall not be produced here.
Practically the relaxation time, the effective time required for the system to evolute from the initial state reaching asymptotically the equilibrium point, is the same. But if the initial dose is increased namely w o = 110, we find that the relaxation time is remarkably decreased. (see figure 6 ) In this case, initial conditions for the concentrations of the normal and cancer cells may be taken as
The boundary conditions are taken the same as before. In this case the solutions of the equations (5.18) are given by
and f i are given by (5.10). Numerical results for the first approximations given by (5.4-5.6) are carried out. They are shown in figures 7 a, b and c for the same parameter values given in figure 2. 
Conclusions
In a chemotherapy cancer treatment, a target equilibrium state is relevant to be attained. The bounds for the initial dose of the chemotherapy agent which is required to attain a state of no cancer cell present are determined. It has been found that diffusion effects are relevant for small time values and no generation of traveling waves occurs. We think that in chemotherapy models of cancer treatment, predation by the chemical agent blocks generation of these waves.While in the absence of the chemical agent traveling waves are generated. These statements are confirmed by the numerical results of solutions of the proposed diffusion model.
